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A capacitor resists changes in voltage 
by storing energy in an electric field

think of it in terms of percentage. For example, if  Rg     !     Ri, only 50% of the 
voltage would be present on the output. If you want 10% of the signal, you will 
need a gain of 1/10. So put 1    K in for Rg, and 9    K in for Ri, and, voilà, you have 
a voltage divider that leaves 10% of the signal at the output. 

   Did you notice that the ratio of the resistors to each other was 1:9 for a gain of 
1/10? This is because the denominator is the sum of the two resistor values. I’ll 
also bet you noticed that if you swap the two resistor values you will get a gain 
of 9/10, or 90%. This should make intuitive sense to you now if you recognize 
that, for the same amount of current, the voltage drop across a 9    K Ri will be 
nine times larger than the voltage drop across a 1    K Rg. In other words, 90% 
of the voltage is across  Ri, whereas 10% of the voltage is across  Rg, where your 
meter measuring Vo is hooked up. The voltage divider is really just an exten-
sion of Ohm’s Law (go fi gure), but it is so useful that I’ve included it as one of 
the basic equations that you should commit to memory. 

    Capacitors Impede Changes in Voltage 
  Let’s consider for a moment what might happen to the previous voltage divider 
circuit if we replace  Rg with a capacitor. It is still a voltage divider circuit, is it 
not? But what is the difference? At this point you should say,  “Hey, a cap is just 
a resistor that’s value changes depending on the frequency; wouldn’t that make 
this a voltage divider that depends on frequency? ” Well, it does, and this is 
commonly known as an  RC circuit. Let’s draw one now, as shown in  Figure 2.6   . 

  Using your intuitive understanding of resistors and capacitors, let’s analyze 
what is going to happen in this circuit. We’ll do this by applying a step input. 
A step input is by defi nition a fast change in voltage. The resistor doesn’t care 
about the change in voltage, but the cap does. This fast change in voltage can be 
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 FIGURE 2.6  
       Step input is applied to a simple RC circuit.    
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thought of as high frequencies,      6    and how does the cap respond to high frequen-
cies? That’s right, it has low impedance. So, now we apply the voltage divider 
rule. If the impedance of  Rg is low (as compared to  Ri), the voltage at  Vo is low. 
As frequency drops, the impedance goes up; as the impedance goes up, based 
on the voltage divider, the output voltage goes up. Where does it all stop? 

   Think about it a moment. Based on what you know about a cap, it resists a 
change in voltage. A quick change in voltage is what happened initially. After 
that our step input remained at 5    V, not changing any more. Doesn’t it make 
sense that the cap will eventually charge to 5    V and stay there? This phenom-
enon is known as the  transient response of an RC circuit. The change in voltage 
on the output of this circuit has a characteristic curve. It is described by this 
equation:

Vo Vi e rc! "
"
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Eq. 2.4
      

   The graph of this output looks like  Figure 2.7   .   The value of  R times C in this 
equation is also known as  tau, or the time constant, often referred to by the 
Greek letter τ .
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 FIGURE 2.7  
 Voltage change over time.    

    6  This is something a man named Fourier thought of long ago. The more harmonic frequen-
cies you sum together, the faster the rise time of said step input.    
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    6  This is something a man named Fourier thought of long ago. The more harmonic frequen-
cies you sum together, the faster the rise time of said step input.    
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An inductor resists changes in current by 
storing energy in a magnetic field

   Notice how current can change immediately when the step input changes. 
Also notice how the voltage just doesn’t change that fast. Capacitors impede a 
change in voltage, as the rule goes. What this also means is that changes in cur-
rent     8    will not be affected at all. Everything has its opposite, and capacitors are 
no exception, so let’s move on to inductors. 

    Inductors Impede Changes in Current 
  Now that we have thought through the RC circuit, let’s consider the RL circuit 
shown in  Figure 2.10   . Remember that the inductor resists a change in current 
but not in voltage. Initially, with the same step input, the voltage at the output 
can jump right to 5    V. Current through the inductor is initially at 0, but now 
there is a voltage drop across it, so current has to start climbing. The current 
responds in the RL circuit exactly the same way voltage responds in the RC 
circuit.
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 FIGURE 2.10
 The basic RL circuit.    

    8  Another way to think of it is that rapid changes in current are what capacitors are very 
good at.    
    9  Being able to consider a circuit from either a “voltage ” viewpoint or a “current” viewpoint 
is a valuable skill. Try to formulate an understanding of this concept as you develop your 
skills in this area.    
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   Since you committed the RC response to memory, the RL response is easy. It is 
exactly the same from the viewpoint of current      9   ; the current graph looks like 
 Figure 2.11 on the next page   . 

   I hope you are saying to yourself,  “What about the voltage response? ” At this 
time, consider Ohm’s Law for a moment and try to graph what the voltage will 
do. What is the current at time 0? How about a little later? Remember Ohm’s 
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 FIGURE 2.11  
       Current change in percent over time in tau.    
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 FIGURE 2.12  
 Voltage change in percent over time in tau.    
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Law—for the current to be low, resistance must be high. So initially the induc-
tor acts like an open circuit. Voltage across the inductor will be at the same 
value as the input. As time goes on, the impedance of the inductor drops off, 
becoming a short, so voltage drops as well.  Figure 2.12    shows the graph. 
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       Current change in percent over time in tau.    
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Law—for the current to be low, resistance must be high. So initially the induc-
tor acts like an open circuit. Voltage across the inductor will be at the same 
value as the input. As time goes on, the impedance of the inductor drops off, 
becoming a short, so voltage drops as well.  Figure 2.12    shows the graph. 



Reactance

in-depth study of this topic is somewhat beyond the scope of this book, so let 
it suffi ce to say that the step input in the previous discussion has a sharp square 
corner, hidden in which are a whole bunch of high frequencies. These can’t get 
through the cap, so the corner is knocked off, so to speak, leaving the charac-
teristic curve that we saw as the transient response of the RC circuit. 

   Before we move on, we should touch on the topic of  phase shifts. When both 
voltage and current are in sync, they are  in phase. As we have discussed numer-
ous times, inductors impede a change in current, but voltage is not affected, 
so if you graph the relationship between voltage and current, you will see that 
the change in current is a little out of sync with the change in voltage. It is 
said to be lagging behind. The capacitor has the opposite effect (as always), 
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 FIGURE 2.30  
 AC source hooked up to cap and inductor.    
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 FIGURE 2.31  
       Graph of current over frequency for a cap and an inductor.    
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Xc =
1

2⇡fC

XL = 2⇡fL
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Imaginary part: reactance 
Magnitude: voltage/current 
Angle: voltage phase shift!
!

This is essentially frequency!
domain analysis
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At the resonant frequency, 
capacitive reactance equals 
inductive reactance
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Example
The resonant frequency of a series 
RLC circuit if R is 22 ohms, L is 50 
microhenrys and C is 40 picofarads is 
3.56 MHz. (E5A14)	


f = 1/2π√(LC) = 1/6.28x√(50×10-6 x 
40×10-12) = 1/2.8×10-7 = 3.56 MHz



General solution method
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F IGURE 13.1 Analysis methods.
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We wish to show in this chapter that the solution to linear circuit problems
is greatly simplified by assuming a drive of the form est as illustrated in the center
panel of Figure 13.1, primarily because under this assumption the differential
equation is transformed into an algebraic equation, and because the response
to a sinusoidal drive can be directly obtained from the response to the est drive.
This leads further to a shorthand solution method involving the concept of
impedance, whereby the algebraic equation can be found directly from the
circuit model, without writing the differential equation at all, as diagrammed in
the lowermost panel of the Figure 13.1.

The insight behind the employment of a drive of the form est, where s = jω,
is the following: Recall, we wish to find the system response in the steady
state1 to a sinusoidal input of the form cos(ωt). We will show that directly
solving system differential equations with a sinusoidal input leads to a tangle of
trigonometry and is very complicated. (You have already seen an example of a
direct solution of an RL circuit for a sinusoidal drive in Section 10.6.7.) Instead,
we employ the following mathematical trick: Realizing that

e jωt = cos(ωt) + j sin(ωt) (13.1)

(the Euler relation), we first obtain with relative ease the circuit response to an
unrealizable drive of the form e jωt. The resulting response will contain a real

1. Interestingly, the substitution of s = jω will give us the response of the circuit in sinusoidal
steady state. Although not covered in this book, the use of Laplace Transforms where we substitute
s = σ + jω will yield the total response.
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F IGURE 13.3 RC circuit with
tone burst in. The amplitude of the
input waveform is Vi , where Vi
is real.
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vi =Vi cos (ωIt)0
for t 0≥

in this chapter will make this a trivial exercise. In particular, Section 13.3.4
will analyze the circuit of Figure 13.2 in detail and explain the observed
behavior.

13.2 A N A L Y S I S U S I N G C O M P L E X
E X P O N E N T I A L D R I V E

To illustrate this new approach, let us analyze the simple linear first-order RC
circuit shown in Figure 13.3, and presume that we wish to find the capacitor
voltage vc, in response to a cosine wave suddenly applied at t = 0, often called
a tone burst. The tone burst is mathematically represented as

vi = Vi cos (ω1t) for t ≥ 0,

where Vi is the amplitude of the cosine, and ω1 its frequency. (Note that we do
not use ωo in the input signal to avoid confusion with the ωo used to represent
the undamped natural frequency in a second order systems.)

The differential equation for the circuit is

vi = vc + RC
dvc

dt
. (13.2)

Let us attempt to solve this differential equation by summing its homogeneous
and particular solutions. Recall, when dealing with circuit responses, the homo-
geneous solution is also called the natural response, and the particular solution
is also called the forced response. Recall further that the forced response depends
on the external inputs to the circuit. Let us denote the homogeneous solution
as vch and the particular or forced solution as vcp. Then, we know that the total
solution is given by

vc = vch + vcp.

13.2.1 H O M O G E N E O U S S O L U T I O N

From Equation 13.2, the homogeneous solution can be derived by solving

RC
dvch

dt
+ vch = 0. (13.3)
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Homogenous 
solution:
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As we have seen in Chapter 10, the homogeneous solution for this equation is

vch = K1e−t/RC (13.4)

where K1 is a constant to be determined from the initial conditions.

13.2.2 P A R T I C U L A R S O L U T I O N

The straightforward approach to finding the particular or forced solution vcp
involves finding any solution to the differential equation

vi = vcp + RC
dvcp

dt
. (13.5)

Since the input vi is given by

vi = Vi cos (ω1t)

(where Vi is real), this amounts to finding any solution to

Vi cos (ω1t) = vcp + RC
dvcp

dt
. (13.6)

Obviously the forced response vcp must be some combination of sines and
cosines, so we assume

vcp = K2 sin (ωt) + K3 cos (ωt) (13.7)

or, equivalently,

vcp = K4 cos (ωt + "). (13.8)

There is nothing wrong with this approach, except that it leads to a tangle of
trigonometry. So, we will abandon this path.

Instead, let us launch out in a slightly different direction. The Euler
relation

e jωt = cos(ωt) + j sin(ωt) (13.9)

shows that e jωt contains the cosine term we want, in addition to an unwanted
sine term. Hence, by a sort of inverted superposition argument, we replace the
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actual source vi with a source of the form

ṽi = Vi e s1t (13.10)

and return later to unscramble the cosine and sine parts. In this equation we
have used

s1 as a shorthand for jω1,

and have included a ‘‘˜’’ above vi to indicate that this is not the true drive voltage.
For consistency, we will use the same notation for all variables related to this
fake drive voltage. The differential equation to find the particular solution to ṽi
now becomes

ṽi = Vi e s1t = ˜vcp + RC
d ˜vcp

dt
. (13.11)

It is clear that a reasonable assumption for the particular solution is

˜vcp = Vc e st (13.12)

in which we must somehow find Vc and s. On substitution of the assumed
particular solution into Equation 13.11, we obtain

Vi e s1t = Vc e st + RCsVc e st. (13.13)

We note first that s must equal s1, otherwise Equation 13.13 cannot be satisfied
for all time. Now, on the basis that e st can never be zero for finite values of
t, the e s1t terms can be divided out, to yield an algebraic equation relating the
complex amplitudes of the voltages rather than a differential equation relating
the voltages as time functions:

Vi = Vc + VcRCs1 (13.14)

which can be solved to yield

Vc = Vi

1 + RCs1
for s1 ̸= − 1

RC
(13.15)

a restriction clearly satisfied in this case because s1 = jω1 where ω1 is a real
number. Thus Equation 13.15 becomes

Vc = Vi

1 + jω1RC
(13.16)

or, from Equation 13.12, the particular solution for the fake input ṽi is

˜vcp = Vi

1 + jω1RC
e jω1t. (13.17)Particular 

solution:

Complete solution 
(steady state):
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where

! = tan−1
(−ωRC

1

)
. (13.20)

Now, to find the real part of ˜vcp, we use the Euler relation to write
Equation 13.19 as

˜vcp = Vi√
1 + (ω1RC)2

cos (ω1t + !) + j
Vi√

1 + (ω1RC)2
sin (ω1t + !)

from which the real part of ˜vcp is available by inspection,

vcp1 = Vi√
1 + (ω1RC)2

cos (ω1t + !). (13.21)

This, finally, is the particular solution of Equation 13.6.

13.2.3 C O M P L E T E S O L U T I O N

The complete expression for the capacitor voltage in response to a cosine tone
burst is the sum of this particular solution (vcp1) and the homogeneous solution
(vch) previously found in Equation 13.4:

vc = K1e−t/RC + Vi√
1 + (ω1RC)2

cos
(
ω1t + !

)
. (13.22)

The one remaining unknown constant, K1, can be found from the initial condi-
tions by setting t to zero in the usual manner. However, as we will see shortly,
we usually do not care about the first term.

13.2.4 S I N U S O I D A L S T E A D Y - S T A T E R E S P O N S E

Under sinusoidal drive, we are almost always interested in the steady-state value
of the capacitor voltage, which can be readily obtained from Equation 13.22 by
assuming t is very large. When t → ∞, Equation 13.22 reduces to

vc = Vi√
1 + (ω1RC)2

cos
(
ω1t + !

)
, (13.23)

which is simply the particular solution to a cosine input (compare with Equa-
tion 13.21). For a cosine input, the steady-state response is often termed
the response to a cosine. The corresponding complete response is termed the
response to a cosine burst, and includes both the homogeneous and particular

terms. In Equation 13.23, the Vi/
√

1 + (ω1RC)2 factor gives the amplitude
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(or magnitude) of the response, and ! is the phase. The phase is the angu-
lar difference between the output and input sinusoids. Notice that both the
magnitude and phase (see Equation 13.20) of the response are frequency
dependent.

Equation 13.22 is really quite general, in that it gives the capacitor voltage
for any amplitude and any frequency of cosine tone burst. For example, it is
obvious that at low frequencies, (that is, for ω1 small), and after the transient
has died away:

vc ≃ Vi cos(ω1t). (13.24)

Thus, after the transient has died away, the output looks almost like the input.
We conclude that for ω1 small, the capacitor behaves like an open circuit.
Further, for ω1 large, that is, at high frequencies, after the transient has died
away

vc ≃ Vi

ω1RC
cos(ω1t − 90◦) (13.25)

so the output will be sinusoidal, but 90 degrees out of phase with the input,
and much smaller. At high frequencies then, the magnitude of the capacitor
voltage will get very small, so we can say that the capacitor begins to behave
like a short circuit.

There are four general conclusions to be drawn from this specific example:

1. The use of an e st drive reduces a differential equation to an algebraic
equation, thereby simplifying the solution. This solution process replaces
trigonometry with complex algebra, which is a wise trade.

2. The last couple of pages from Equation 13.17 to Equation 13.22,
although necessary for completeness, did not add any new insight about
the circuit behavior. For example, the same information about the form of
vc in the steady state, or its value at low frequencies and high frequencies
could have been found from Equation 13.17, or even from the complex
amplitude Vc, Equation 13.16, just as easily as from Equation 13.21,
without the intervening ‘‘real part’’ calculation.2

For example, the steady state value of vc (or the particular or forced
response) can be determined from the value of Vc as

vc = Re
[
Vc e jω1t

]
(13.26)

2. Recall from Equation 13.16 that Vc is the complex amplitude of the forced response to our fake
input ṽi = Vie jω1t.

ei!t
= cos(!t) + i sin(!t)



Filters

so the voltage is delayed relative to the current. In this case the change in cur-
rent leads      25    the change in voltage. The current isn’t magically jumping ahead of 
the voltage; the voltage is getting behind, but from the voltage point of view it 
looks like the current is changing fi rst. 

   Capacitors and inductors are components that impede      26    a signal, the amount of 
which depends on the frequency of the signal. The cap delays voltage changes, 
and the inductor delays current changes. They are opposite in the way they react 
to the frequency of a signal. Caps block lower frequencies while letting higher 
ones through, whereas inductors pass lower frequencies while blocking higher 
ones. Let’s see what happens when we hook them up to a resistor. 

    Low-Pass Filters 
   Consider the circuit shown in  Figure 2.32   . Note similarities to the RC circuit 
that we used to fi rst understand the effects of a capacitor. The difference is that 
now we are going to apply an AC signal to the input rather than the step input 
we applied before. 

120 V
AC

Vi

R

Vo

C

 FIGURE 2.32  
       Cap-based low-pass fi lter.    

    25  I may just be a slow learner, but it took me a while to understand this leading vs. lagging 
terminology and what it really means. There isn’t a magical time machine in a cap that 
makes the current change before the voltage; it is merely delaying the current change. Of 
course, if there were a time machine in there, we’d have to call it a  “ fl ux ”  capacitor!    
    26  Like resistance, but not exactly; keep in mind that it is an analogy, a very close one, but 
an analogy none the less. This behavior is the result of the phase delay we discussed earlier. 
Think way back to Chapter 1: The mass doesn’t have friction, but it feels the same as friction 
when you start to move it. If you were to move it back and forth at the right rate, you could 
get it to feel exactly like friction. The shifting phases in voltage and current create the same 
resistance effect when dealing with caps and inductors.     
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 FIGURE 2.33  
       Inductor-based low-pass fi lter.    

    27  This is also known as the  –3 db down point. I am avoiding decibels for now to limit the 
amount of knowledge that you need to assimilate.    
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   This circuit is known as a  low-pass fi lter, and all you really need to know to 
understand it is the voltage-divider rule and how a capacitor reacts to frequency. 
If this were a simple voltage divider, you could fi gure out, based on the ratio 
of the resistors, how much voltage would appear at the output. Remember that 
the cap is like a resistor that depends on frequency and try to extrapolate what 
will happen as frequency sweeps from zero to infi nity. 

   At low frequencies the cap doesn’t pass much current, so the signal isn’t 
affected much. As frequency increases, the cap will pass more and more 
current, shorting the output of the resistor to ground and dividing the output 
voltage to smaller and smaller levels. There is a magic point at which the out-
put is half the input.      27    It is when the frequency equals 1/RC. You might have 
noticed that this is the inverse of the time constant that we used earlier when 
we fi rst looked at caps. Kinda cool when it all comes together, isn’t it? 

   This is known as a  low-pass fi lter because it passes low frequencies while reduc-
ing or attenuating high frequencies. You can make a low-pass fi lter with an 
inductor and resistor, too. Given that the inductor behaves in a way that is 
opposite of a capacitor, can you imagine what that might look like? Have a 
look at Figure 2.33   . 

   That’s right; you swap the position of the components. That’s because the 
inductor (being the opposite of a cap) passes the lower frequencies and blocks 
the higher frequencies. It performs the same function as the low-pass RC  circuit

but in a slightly different manner. You still have a voltage-divider circuit, but 
instead of the resistor-to-ground changing, the input resistor is changing. At 
low frequencies the inductor is a short, making the ground resistor of little 
effect. As frequencies increase, the inductor chokes      28    off the current, reacting in 
a way that makes the input element of the voltage divider seem like an increas-
ingly large resistance. This in turn makes the resistor to ground have a much 
bigger say in the ratio of the voltage-divider circuit. 

   To summarize, in the low-pass fi lter circuits, as the frequencies sweep from low 
to high, the cap starts out as an open and moves to a short while the induc-
tor starts out as a short and becomes an open. By positioning these compo-
nents in opposite locations in the voltage-divider circuit, you create the same 
fi ltering effect. The ratio of the voltage divider in both types of fi lters decreases 
the output voltage as frequencies increase. All this lets the low frequencies pass 
and blocks the high frequencies. Now, what do you suspect might happen if we 
swap the position of the components in these circuits?  

    High-Pass Filters 
   Swapping the cap and the resistor in the low-pass circuit creates another type 
of circuit called a high-pass fi lter. Using your now supreme powers of deduc-
tion and intuition, you are thinking to yourself,  “I’ll bet that means the circuit 
passes high frequencies while blocking low ones. ” You are correct, and the cir-
cuit looks like the one in  Figure 2.34   . 
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 FIGURE 2.34  
       Cap-based high-pass fi lter.    

    28  Without any proof whatsoever, I assert that inductors are sometimes called  chokes for the 
reason that they choke off high frequencies.    
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The generalized voltage divider relation for Vo in the impedance model,
Figure 13.31b, is

Vo =
1

Cs

R + 1
Cs

Vi = 1/RC
s + 1/RC

Vi. (13.101)

Recall from Equation 13.10 that we have been using s as a shorthand for jω. So
at any frequency, ω, the complex output voltage is given by:

Vo = 1/RC
jω + 1/RC

Vi. (13.102)

The corresponding system function is

H( jω) = Vo

Vi
= 1/RC

jω + 1/RC
. (13.103)

It is easy to see that the magnitude of the system function at low frequen-
cies is close to unity. At high frequencies, on the other hand, the magnitude
of the system function approaches 0. Because low frequencies are passed and
high frequencies are rejected or attenuated, this circuit acts as a low pass filter.

Figure 13.32 plots the frequency response of the RC circuit assuming that
the RC time constant of the circuit is RC = 1 / 20 seconds. The shape of the
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F IGURE 13.32 Frequency
response of the simple RC filter
circuit.

(s is shorthand for 2i⇡f)

Voltage 
divider:
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=
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Gain: H(2i⇡f) =
V
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V
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What happens at low frequencies? 
What happens at high frequencies?
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